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Why incorporate discretization errors?

Why do a combined a — 0 and m — mypnys extrapolation?
Why not extrapolate a — 0 and then use continuum XPT?
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Why incorporate discretization errors?

Incorporates symmetry relations between
discretization errors

Limited number of new LECs

Incorporates non-analyticities due to PGB loops
tmXPT, SXPT: m2 ~ mq[1 + (mq + a2?)In(mq + a2) +...]

“a”?” means “up to logs”, so not all non-analyticities are included

Avoids need to work at constant physical parameters—can just fit

Gives framework for understanding symmetry breaking due to
discretization

Chiral symmetry broken with Wilson fermions

Chiral and flavor symmetry broken with tm fermions

Taste symmetry broken with staggered fermions

Predicts phase structure when mqy ~ a?Adcp
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General strategy
Proceed in two steps: [Sharpe & Singleton]

Lattice Lagrangian:
Wilson, tm, staggered

ay:

Continuum effective Lagrangian:
continuum quark-level theory including
explicit nonzero a effects [Symanzik]

e

Chiral Lagrang/an.
continuum XPT plus effects of additional
operators induced by discretization
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General comment
Strange that UV effects impact IR effective FT7?
NO!

Conceptually same as weak-interaction effects on
strongly-interacting particles:
Effects are small (o< Agcp /My, ), but dominant for
some processes (weak decays)
Here, discretization errors important when they break
a symmetry that is important for IR physics—chiral

symmetry.
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Power counting

In XPT expand in pQ/Af< ~ fm%GB/Af< ~ mgq/Aqcp
How does (aAqgcp)”™ compare?

Compare m, to aA2QCD, aQA%CD, -
If a—1 =2 GeV and Aqcep = 300 MeV, then

present simulations

- |
an am al\?
v '

bT' Io 20 30 T'40 gl
m(MeV

(mu+md)/2 ms/2

Appropriate power counting is a’Adcp S mg S aAGep

LESSON: O(a) effects MUST BE REMOVED, and O(a”) understood
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Power counting terminology

1 Generic Small Mass (GSM) regime: aAQCD S mg < Agep
~ Includes aAQCD < mg but not my K aAQCD

O Aoki regime: my S a®Adcp
> Includes my < a”Ad) o

a2/ \ a/\2
GSM regime
0 AoKi regime
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What are twisted mass fermions?

In continuum simply QCD with M # M/

Lacp = QLPQL + QrPQr + QLMQr + QxM'QL

QLr =QLr(1F75)/2, Qur =[(1+75)/2]QL r

Can diagonalize M with an SU(3); x SU(3)r rotation:
M — ULMUL, so twisting the mass is a change of basis

Condensate is axially rotated, but physics is unchanged
Apparent breaking of parity and flavor is illusory

Example of most interest has two degenerate flavors of mass mg

M = mge' " = mq(cosw + isinwrs) = m + iuts
More familiar as

QLMQr + QgM'QL = Q(m + ipys573)Q
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Twisted mass QCD

“Geometry” of tmQCD: L?mQCD = QDQ + Q(m +ipys73)Q

w is redundant, and can use this freedom to pick a better lattice action

“Maximal twist”, i.e. w = +7/2 (= m = 0) leads to automatic
absence of O(a) terms [Frezzotti & Rossi]
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Discretizing (twisted mass) QCD

SemGOD = Satne + / ODO+0, MQr+0QxM Q1

l

S‘i?;lGQCD = Sgitle+a4 Z JZDW@DZ+Ez,LM¢l,R+Ez,RMT¢l,L

Uses Wilson's doubler-free derivative:
1 . r .
D— Dw =23 VitV =35> (ViVa)
p p
Dy breaks chiral symmetry
= M and ULMU;2 describe different theories on the lattice

Full fermion matrix Dy + M Pr + M P, has real positive determinant
(and is thus useful in practice) only for special M

e.g. standard twisted mass M = m + tu713 for any m, u
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Symanzik EFT

— a’

g=l/a

Integrate out high-momentum quarks and gluons (p ~ 1/a), obtain a local
EFT describing low-momentum modes (p < 1/a)

»Ceff - EthCD + a£(5) + a2£«(6) + ...

Regularize with continuum regulator or finer lattice
Factors of a explicit
“a” means ~ a(l+ gla]?Ina+...)

£(5:6:---) contain all operators allowed by /attice symmetries

L. gives discretization errors to all correlation functions
Holds to all orders in PT (where can calculate £(5:6:)) [Symanzik]

Demonstrates validity of EFT directly in Euclidean space
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Symanzik EFT and Improvement

Lot = Limqep +aL® +a°£% + .
[Symanzik| also showed that can systematically remove £ by
adding corresponding terms to £'*": IMPROVEMENT

In practice, only £°) has been removed
e.g. NP O(a) improved Wilson fermions

Attractive approach—disadvantage for matrix elements is that each
operator needs separate O(a) improvement

We keep both £ and £®
This is what is done in tmLQCD

Why? Will see that O(a) improvement automatic for m =~ 0

Can remove £ by hand to encompass improved Wilson fermions
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Leading term in continuum limit for tmLQCD
£1l:?rtlQCD = ﬁlg&ffle + @z (Dw + mo + iy5T3 0 ) Y1

Wilson term V7 V,, mixes with the identity

=> usual additive renormalization of mg: m = Zgl(mo —me)/a
Lo is multiplicatively renormalized, like m, in continuum:
—1
p=Z2Zp po/a

Thus leading term in Symanzik expansion is (by construction)

L acep = QDQ + Q(m + ipys73)Q

A
M,/
L Zp
© e -
m./a m Z. my/a
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Symmetries of tmLQCD

StI:?rEQCD = ngfle +a’ Z% (Dw + mo + iy5T310) Wi

£®) ... are constrained by the symmetries of tmLQCD

These are the standard symmetries: gauge invariance, lattice rotations
and translations, C, fermion number, reflection positivity

But only a subgroup of flavor SU(2) and parity survive if po # 0:
U(1) € SU(2) with generator 73
forbids 1@7‘1,2¢ terms in LymmQceD

731{42: parity plus discrete flavor rotation
bi(2) = v0(i11,2)¢1(xp), Yi(x) = Pi(zp)(=iT1,2)70
forbid Yys1, FuuvFuw, Y7137

P: parity combined with [po — —po]
requires 1)73y51 to come with factor pg oc p

Flavor-parity breaking for a # 0 are price for automatic O(a) improvement
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SymanZ|k aCt|On fOI’ tmLQCD [Sharpe & Wu]

Straightforward extension of analysis for Wilson fermions [Luscher et al]

L = b1ioy Futh + bath (D + m + iysrap) e
+bsmap(ID + m + ivys13 )Y + bamLglue + b5m215¢
+bepb{ (I + m + iy5T3 1), i573 Jb + bru’ b
Write in terms of continuum masses m, it rather than bare masses

b; are real (refl. pos.) and depend on g°[a] and Ina

bs,7 are “new” compared to Wilson case (vanish when 1 — 0)
Many terms forbidden by lattice symmetries, e.g.
P forbids: mphp, m2ivs T3
P requires twisted Pauli term IZO'MVF/“/T?,@D to have factor of 1 and
thus appear in £(6)
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Simplifying £
Simplify using change of variables (equivalent to using LO eqns. of mtn.)
eg. ¥ — [14+0(a)D + O(a)m + O(a)ivs T3]t
Convenient but not essential (so don't have to worry about what happens

to sources)

S blpﬁiJWFww—l—bgiﬁ(D +m + W5T3M)2¢
+osmp (D + m + iys T3 ) 4 bamLgiue + bsmPy
+beph{ (D + m + ivsTsp), 573 o + brpepy)

bs leads to am dependence of ¢; and thus of «

bs 7 imply mpnys = m[l + O(am)] + O(ap®)

These effects are present, but are NNLO if use GSM power counting:
m/Aqcep ~ pu/Aqep ~ aAqep

We will keep up to quadratic order in these small parameters

Other power counting choices possible, e.g. [Aoki, Aoki et al]
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Conclusion for £®)

At NLO in our power counting, only need Pauli term
LO)0 = biiou Fup+botb(D + m + insTap)*e
+bamap(ID 4+ m + iys73 ) Y+bam Lgiue+bsm )
—|—b6,u15{(17) +m + iysT3p), ”W5T3}¢+b7/1215¢

Same £®) as for Wilson fermions
Breaks chiral symmetry even when m, u — 0
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Results for £(6)

Gluonic terms |Liischer & Wiesz]
6
+ Tr(D/,LFMO'DMFpLO') + (m27 ﬂQ)Tr(FMVFMV)

\

Lorentz violating O(a?m?,a?u?) so NNNLO

Fermionic terms (generalizing Wilson result [Sheikholeslami & Wohlert] )

SN ODuvty 4+ PDLDDyuY + (09)* + (D)
\ / A= -~ 7 A= N -
Lorentz violating O(a?) so NLO O(a?) so NLO
+ m'(plb w + ,leb 2/757_3w + m¢zauy ,Lu/w + ,uwa-uv ,uV'Y57_3¢
O(a’*m,a ,uJ) so NNLO O(a’m, a? ,u) so NNLO

+ (m”, 1) PDY + mppPiys s

.

O(a?m?), etc. so NNNLO

+ (m?, mp® ) + (i, pm” )i T3

-~

O(a?m?3), etc. so NNNNLO
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NLO part of £

Final NLO result is the same as for Wilson fermions:
£O 0~ piou Futp
51(\?110 ~ Tr(DuFpeDypFpo) + Tr(DyFueDpFpo)
P DUPD ) + -+ ()" + ()" + -
—'_?r(DI«LFMUDMFMU) + &Di”ﬁﬂé

Ve

Lorentz violating

No “twisted Pauli term” (since factor of ;. makes NNLO)
No flavor or parity breaking in four-fermion terms (requires factors of 1)
= Aside from Lorentz violation, 51(\?110 breaks no more symmetries than

El(\?ﬁo, i.e. both break chiral symmetry
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Why does maximal twist work?

Why are physical quantities automatically O(a) improved?
At quark level, maximal twist implies:
445 - - =,
LNTS) = DY+ pbins e + acthio, Fluib
— ?Lphysmwphys + lﬂvzphyswphys + amvz'phys’757_30'/u/ Fpu¢phys
= O(a) corrections necessarily violate parity and flavor

= Physical (parity-flavor conserving) quantities corrected only at O(a?)

Caveat: corrections enhanced if mY — 0

[Frezzotti & Rossi| show this holds also for operator matrix elements

(e.g. fr)
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tmXPT in the GSM regime: £

51(\?110 transforms like a mass term under SU(2)r, x SU(2)r:
a/Jl(\?ﬁO ~ a&EiO'W/FMV@D = @ZLAVZ'O'MVFMV@DR -+ @ZRA/T’L'O'MVFMV@DA

Alis a spurion like M: £®) invariant if A— ULA/UE
Set A — a at the end
Enumeration of terms identical to that for M, but LECs will differ

At LO in the GSM regime [Sharpe & Singleton]

(2) f? f
£ = Ztr(DMZDMET) - Ztr(XTE +2Tx)

f2

A= ZWOK with Wy a new LEC depending on gauge action

Wo N <7T|1EUMV_FMV¢|7T> ~ A2
Bo (|| ) Qep
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NLO contribution from £®)

[Bar, Rupak & Shoresh]

£ = —Lotr(DuEDLENtr(DSDLEY) + Lustr(DuST DS )tr(x TS + STy)
+Ls {tr [(DMETDMZ)(XE + z’fx)} —tr(D,E DL D)t (xS + ETX)/Q}
—Los [tr(F 2 + 210)7 - Ls {62 + 270)?) = [r( "2 + £T0)] /2]
— Ly [tr(xTS = 2TX)]? + iL12tr(Luw D EDLEY + poc) 4 Listr(Luw SR, Y)
+Wystr(D, XD, 2)tr(ATS + 2TA) — Westr(x TS 4+ STy)tr(ATS 4+ £TA)
—Wis [tr(ATS + 2T A)]? + Wiotr(D, AT D, S + D,xTD, A)

Simplified using SU(2) relations, dropped HECs

New spurion can now be fixed: A, At — 2Woa = a

Four new (dimensionless) LECs at NLO, expect W; ~ 1/(47)?, but
depend on gauge action

Only three effect physical quantities (one linear combination is redundant)
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What about 51@0?

Lorentz and chiral invariant terms give multiplicative a® corrections, which
are of NNLO:

a’Tr(DyFpoDyFoo) 4 -+ + a2 D, DDy + ... — a*tr(D, XD, 2T)
Four-fermion operators violate chiral symmetry, but lead to no new O(a?)

terms in £, [Bar, Rupak & Shoresh)]
(&@@2 + (15’7”10)2 +...— tr(ATE —l—p.c.)2

Lorentz violating terms lead to Lorentz violating, chirally symmetric
terms:

a*Tr(DyFuoDpFus) + a®>P D3y — a*tr(D2ED2 5T
but these are of NNNLO
CONCLUSION: 51(\16110 leads to no new terms at NLO
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What if we NP improve action?

_f? N L t f2. At t A
Ly = Itr(DMZDMZ ) — Ztr(x Y4+ 3Tx) — Itr(A Y4+ XTA)
—L1tr(D, 2D, X% — Lotr(D, XD, Xtr(D, 2D, ")
+Lystr(Du ST DL D) tr (XS + ST y) — Les [tr(x TS 4+ 2Tx)]°
+Waustr (D, 2TD, S)tr(ATS + T A) —Westr(x TS + Ty)tr(ATE + 2T A)

—Wis [tr(ATS + £FA))? + Wiotr(D, AT D, + D, D, A)

Terms linear in A are removed

Exception: Wi, which describes pionic matrix elements of A, and V,,
Can set W19 — 0 if NP improve axial current (vector current discretization

errors are automatically improved)

Term quadratic in A remains, though the value of W5 will change
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Summary

Discretization errors in PGB masses, interactions and matrix elements
involving V,,, A,, s and p are described by a few additional constants

throughout the “tm-plane”
At LO one new constant (o), but will see unphysical

At NLO have
3 physical constants without improvement

2 constants if NP O(a) improve action
1 constant if also improve axial current

Thus expect predictions!
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Implications of tmXPT: LO

2 2
Ly1o = Itr(D »D,x") — fztr(XTZ +2Ty) — fztr(ATZ + 2TA)

Takes same form as in continuum tmQCD if use Y = v + A

2 2
LyLo = fztr(DMEDMET) — fztr( TS 4+ 2TY)
Corresponds to O(a) shift in untwisted mass m and thus of O(a?) in m.
m — m’ —m—l—a‘gg Zo 1—moamc+a‘g/§ Ame = — QZ%‘S/O

But m. not known a priori

If determine m/. = m. + Am. non-perturbatively, e.g. using m2 oc m/,

then automatically include O(a) shift

= Wy is not a measurable parameter

LO pion interactions have no O(a) corrections for any twist angle!
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tmXPT at LO: Summary

Cont ours of npi~2

0. 04¢
} 0.02
,/(aZp) |
g 0
_ -0. 02
my/(aZs)

Condensate aligns with shifted mass, and physics independent of wyg
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tmXPT at NLO

Rewrite £, in terms of ' [Sharpe & Wu]

2 2
Ly = fztr(DMZDMET) — Ztr(X/TE + =)

—Litr(D, XD, %12 — Lotr(D, XD, N)tr(D, XD, T
+Lastr(D, ST DSt (TS 4+ 2TX) — Les [tr(xTS 4+ =Tx")]°
+Wir(D, ST D ) tr(ATS + T A) — Wir(x'TS 4+ STy tr(ATS + £ A)
W' [tr(ATs 4+ 2T A)]?

Shifted LECs (scale invariant):
W =Wus — Las, W =Wess —2Leg, W' = Wsg— Wess+ Les
W, W' cause small misalignment of vacuum with

Skip details, and give examples of results
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m. at NLO in tmXPT

m%i = |X'| + cont. 1-loop chiral logs
16 . — .
+F [|X/|2(2L68 — Ly45) + |x'|acoswo(2W — W) + 2a2(cosw0)2W’]

[Scorzato; Sharpe & Wu|

Automatic O(a) improvement at wo = 7/2 + O(a) [Frezzotti & Rossi]

Absence of O(a®) term at wo = 7/2 not generic

Alternatively, Wilson-averaging (coswg <+ — coswp) cancels O(a) term
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tmXPT vs. lattice data on Wilson axis

m%i = |X'| + cont. 1-loop chiral logs
16 1, ;0 /A 7 ~2 2117/
+F IX'|“(2Les — Las) + |x'|G coswo(2W — W) + 24°(coswg )W
1.2 T T T
} [132:3633 Jatice mpi 2 vs. m, nmu=0
1 X K = 0.165 - 0.175
¢,=-1.4088
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[Farchioni et al,hep-lat/0410031]
Clear antisymmetry of ~ 30% ~ aA® with A ~ 300 MeV

Non-vanishing minimum pion mass due to W'
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wy not redundant at NLOI

Cont ours of npi "2

0. 04/
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m

=1 Contours of m2 in twisted mass plane
> LEGCs chosen to roughly fit data of [FarchioniO4]
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Predictions from tmXPT ét NLO

O(a) terms in m=, (0|PT|n%), (x|S°|7), fr, mpcac, ...given in terms
of two coefficients W and W
Fits by [Aoki & Bar| (to quenched data) work reasonably

Isospin splitting in pion multiplet:

_32W'a’?

mio —moy = T(sinu}o)2 + O(a”)
32W'a* 5
T2 e T2 +0(a”)

O(a?) for all wp, maximal at maximal twist

Calculated numerically (requires quark-disconnected contractions)
Am?2 ~ —(160MeV)? with improved gauge action (a ~ 0.09 fm)
[Boucaud, 0803.0224]

Coefficient W’ also determines phase-structure in Aoki regime

Include flavor-breaking in loops? NNLO effect
Ilgnored in present chiral fits: not clear that this is justified
But crucial to include corresponding effects in SXPT fits
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More on flavor-breaking

[Boucaud, 0803.0224]
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Disconnected contribution dominant!

¥ lighter
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Yet more on flavor-breaking

Charged (solid lines) and neutral (dashed) pion mass-squareds at maximal twist
(values illustrative only; scale for p should be GeV)

mpi"2 (GV*r2), nethods (1,11i11)

0. 25
0.2
0. 15
0.1
0. 05 e

' d

0.01 0.02 0.03 0.04 0.08Y (MV)

Second-order endpoint when m_o — 0
Must avoid, since leads to unphysical effects
Requires m .+ > 250 MeV?
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Lessons from tmXPT: parity-flavor breaking

Automatic improvement at maximal twist only holds for physical quantities

Unphysical quantities are O(a), and provide another window on
discretization errors

e.g. axial and
pseudoscalar form
factors of pion:

Al
(ma| A%, P%|ms)
P1 —D2

<7Ta|AfL, P3|mq) "

(m3| A3, P3|ms)

Example of results:

. 164 sin woiBo —  2acoswoW’' (W /2—W)g?
(ma(p2)| PP|ma(p1)) = W =W+ -

Require quark-disconnected contractions = not simple to calculate
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Outline of Lecture 2

Incorporating discretization errors into XPT

Application to Wilson & twisted mass fermions

Wilson and twisted-mass lattice fermions
Symanzik effective action

Mapping Symanzik action into XPT
Results for mq ~ aAgcp
Defining the twist angle

Results for m, ~ aQA%CD
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How determine m, and the twist angle?

A
,/(@Zp)

m/(@Zzs)

Need wo = 7/2 + O(a), so if u ~ aA§cp, then need m' ~ a®Adcp
Traditional m, — 0 method fails at desired accuracy

23
Phase structure for mg ~ a”Ag -
= my does not vanish or vanishes over a range

Now standard to determine m. from mpcac = 0 at smallest i
Sufficiently accuracy for ;1 = ms /6 [Boucaud, 0803.0224]

Earlier problems (non-smooth ;2 — 0 extrapolations— “bending” ) resolved
by improved accuracy in determination of m.
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tmXPT predictions for “PICAC method”

Fix 1+ and scan in m until mpcac = 0, with

(OuAf(2) P (y))
2(Pa(z)P*(y))

mpCcAC =

(a=1,2)

Equivalent to enforcing parity restoration in particular correlator:

(AL(@)PY(y)) =0 = (VPWS1(g)PPysl(y)) =0

tmXPT implies that PCAC method gives

T n 16aW
2 f2

wo =

Numerically find correction term ~ 10% which is of expected size
(~ aAqcp) [Boucaud, 0803.0224]

Significantly reduced compared to (quenched) unimproved gauge action
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Numerical results for “PCAC method”
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[Boucaud, 0803.0224]
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Outline of Lecture 2

Incorporating discretization errors into XPT

Application to Wilson & twisted mass fermions

Wilson and twisted-mass lattice fermions
Symanzik effective action

Mapping Symanzik action into XPT
Results for mq ~ aAgcp
Defining the twist angle

Results for mg ~ a2A%CD
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