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Introduction

m Quark masses are very different in the standard model (from a few
MeV to 200 GeV)

m Precise determinations of Fg and Fp_ are needed to constraint the
free parameters of the SM.

m my, free parameter

m In a heavy-light system it is very challenging to simulate a b-quark
directly from the QCD Lagrangian.

m One can use an effective theory — HQET is a natural choice for a B
meson

m Computation of the 1/m corrections to have a better handle on the
approximation
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Heavy-light meson on the lattice

Heavy-light meson contains both light and heavy degrees of freedom
mgs ~ 100 MeV and mp ~ 4 GeV
= need a large volume and a small lattice spacing

m Bare heavy quark mass amp, < 1, eg amy, = 0.1
= For a O(a)-improved action, leading discr error O(am,)? ~ 1%

m Spatial extent L = aN. For instance impose L > 2 fm
= Requires a large number of points

2 fm
>7

N = (2 fm) x (10my,) = 80 GeV fm ~ 400

Not doable with nowadays computers = Effective theory
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Effective theories for heavy quark

Momentum of a heavy quark (inside a hadron) p = mgv + k

Interaction with light dof kK ~ Aqcp < mg

Separate the higher and lower components of the heavy quark, and find an
effective lagrangian

_ D, )? .G
'Ceﬂ = QZ)h(X) iv.D + (I L) + 9
2mQ 4mQ

+ ... Yn(x)

Different choices:
m Expansion in Aqcp/mq @ HQET
m Expansion in v and 1/amg: NRQCD
m Fermilab Method

Alternative “relativistic heavy quarks” [Aoki et al ‘01, Christ et al, Lin et al '06 ]
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HQET on the lattice

Action of the effective theory on a lattice [Eichten & Hill]

SHQET = 2 Z{d}h )[Do + dmlyhn(x) + D L¥(x)}
v=1

with
=> () W o (1/m)”
At the 1/m order
£ = Yy(~o- By LY = Py(-iD)yy
= *Ospin = *Okin
w;(ll) = Wspin wl(l2) = U
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Green functions

Under the path integral: expand in 1/m = L®)(x) only as insertions

0y = z1 / Dep e Sieht—a* T () Do-+amlun(x) )

X {1— a4Z£(1)(x)—|—..}

1 _ 44 Zﬁ(l) ] O stat

(0) = {O)"™ + wiin ) _{OOkin(x))™ + wepin ) _{OOspin(x))**

X X

_ <O>stat + Wkin <O>kin + Wspin <O>spin

Coefficients w,(”), agy) have to cancel power divergences
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Non perturbative HQET on the lattice [Heitger & Sommer 03]

Matching in a finite volume

The coefficients wiin, Wspin, - - - Wiy f HQET need to be fixed non
perturbatively.
This is achieved by the matching with QCD

®2P (1) = oMW (L) i=1,... Nuqur

This requires to be able to simulate the heavy quark with finite mass.
= In a small volume (L; ~ 0.4 fm), with amy, < 1.

Evolution to a large volume

The observables are evolved in a large volume within the effective theory
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Strategy

’ QCD (amp < 1) ‘

Ll ~ 0.4 fm Q)QCD(I_17 amb) M ¢HQET(L1)

=2h [®HQET(Ly) — SHOET(Ly)

Linf =2l (D(Linf, amb)
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b-quark mass, the static approximation

Choose ®QCP (L, M) = LFRCP(L, M), a 'finite volume meson mass’.

m At the leading order of HQET (static approximation)
In infinite volume mp(M) = Estat +  Mpare

In finite volume ~ TQCP(Ly, M) = TS2%(L1)  +  mpae

m Use the matching in L; and introduce a intermediate volume L,

mB(I\/I) — Estat . rstat(Lz) + rstat(Lz) _ rstat(Ll) + FQCD(Ll, M)

a—0 a—0 a—0

m Solve (in the continuum) mg(M,) = mg®
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b quark mass, the 1/m correction

At the LO, in infinite volume

stat
mp = E + Mpare
—_———

LO

= Need 1 observable ¢.
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b quark mass, the 1/m correction

At the NLO, in infinite volume

stat kin spin
mg = E + Mpare + Wkin E + wspinE P
—_——

LO NLO
= Need 3 observables ®1, ®,, 3.
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b quark mass, the 1/m correction

At the NLO, in infinite volume

__ [stat kin L spin
mp = E + Mpare + wkinE + WspinE P
—_——

LO NLO
= Need 3 observables ®1, ®,, 3.

Or, consider the spin-averaged B meson = wyi, cancels

1 3 i
m% = ZmB + ZmE = EStat + Mpare + L/"}kinEkm

= Need two observables ®1, ®,, and the spin splitting term becomes a
separate issue.
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Implementation : Schrodinger functional

Implementation: Schrédinger functional of size T x L3

m Dirichlet boundary conditions in time (at xp = 0 and xp =

m Periodic boundary conditions in space, up to a phase
W(x + kL) = eW(x).

time

space

Transition amplitude for C(xp =0) — C'(xo = T)
Z[C', C] = (C'le " HTP|C)
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Correlators in the effective theory

Axial and vector (non-improved) current, in QCD

Au(x) = i (x)7ur5¢n(x)
JI(X)'Yuwb(X)

=~

—
X

~—
I

and in HQET B
A (x) = Di(x) 15 ¢n(x)

With order-a improvement

(A, (x) = Aulx) + aaAP(x)

(V)0 = Vi) + v V()
(A, (x) = AL () + A=)

Note that ¢’ = O(1/m)
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Implementation: 2 pts functions in QCD

Boundary to current correlators

6

o) = —3 3 ((A)o(x) (Culysa(@) T‘
Y,z 2
6 =

k(o) = =% 2 (W) Gma@) ol
y,z,k

and boundary to boundary correlator

.2,y 2/ space
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Implementation: 2 pts functions in the static theory

Boundary to current correlators

1 (xg) = _72 ((Ao(x) (Culy)sG(2))

time
B

‘spacé
and boundary to boundary correlator

B T D
e = 2L6y§z/ < YhsCi(e ))(gh(ymg(zw = .
ol />

space
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Heavy quark expansion

At the NLO of heavy quark effective theory

current to boundary correlators

haet . .
fA x fAstat + CAl(lC ﬁssgat + wkinfkm + Wspinf/i{m

I . 1 .
ky o< fﬁtat + C\}qet fgskat + wiinf Km - §wspinfi{m

boundary to boundary correlators

stat kin spin
fl X f1 +Wkinf;[1 + wspinf]_

tat ki 1 spin
ki o f;l.s *+ wkinf]_ - §wspinf1p
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Remark on the strategy for the b-quark mass

Two different strategies:
m Use boundary to boundary correlators
= Need to fix Mpare, Wiin

= Need two observables.

m Use boundary to current correlators
: hqet hqet
= Need to fix mpape, wiin and a L.C. of ¢, and ;™"

= Need three observables.
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An example: elimination of wy;,

. . f1(01)> v <k1(91)>
= In QCD build the ratios RY = In ( and RY =In
1 f(02) 1 k1(62)

m Write down the corresponding expansions

P tat ki spin
Rl = R]S. - L/"}kin’l'?l "+ Wspianp

. 1 .
vV _ stat | k ) spin
R = R{™ +wiinRM™ — 3Wspin Ry
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An example: elimination of wy;,

. . f1(01)> v <k1(91)
= In QCD build the ratios RY = In ( and RY =In
1 f(02) 1 k1(62)

m Write down the corresponding expansions

P tat ki spin
Rl = R]S. - L/"}kin’l'?l "+ Wspianp

. 1 .
vV _ stat | k ) spin
R = R{™ +wiinRM™ — 3Wspin Ry

m Then define the observables (in small volume L;)

1 . )
q)l = 7(Rf + 3R¥) - Ritat = c"jkin'l:\)iﬂn
4 ~— —

—_———

pe oget O(1/m)
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An example: elimination of wy;,

. . f1(01)> v <k1(91)
= In QCD build the ratios RY = In ( and RY =In
1 f(02) 1 k1(62)

m Write down the corresponding expansions

P tat ki spin
Rl = R]S. - Wkin Rl "+ Wspin Rlp

. 1 .
vV _ stat k ) spin
R = R{™ +wiinRM™ — 3Wspin Ry

m Then define the observables (in small volume L;)

1 ‘ .
®; = — (R 4+ 3R)) — Ritat = oy, REID
4 —~— —

\—/_/ St =
o3t O(1/m)

R
_ dq(2L Rfn(2L
m Evolution : ®;(2L;) = Cbll((Lll)) 1(L1) = [lem((Lll))} [P1(L1)]
~—— “QCD" .
HQET o1
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How does it look like 7

QCD : RV(Ly)
[i1M =10.4,12.1,10.3

L1 ~04fm

Li/a| 40 32 24 20
B | 784 7.65 7.41 7.26

Xy .
Cont extr in (a/L)?

0.096 1
K 4
0.094 1
K
0.092 . . . . 1
0 05 5 1 15 2 25
@LY? (6,8)Z(0,05)  jo
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How does it look like 7

stat : @5t

hypl hyp2
L; ~0.4fm
0.084f
o082l 1 Li/a| 12 10 8 6
oosl | B | 678 6.64 645 6.22
. 0.078 i
g{ 0.076 i R b
° oorf ! RN 1 Cont extr in (a/L)?
0.072} ::‘;:n J
0.07r i ~ii
0.068 6 0 605 9.01 0.015 0.62 0.025
@L1)*" (8, 6,)=(0,05)
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How does it look like 7

1/n7: 011

.65 0‘1
a?L1 (8,.6,)= (0", 05)

N. Garron (UAM-IFT Madrid)

0.15

L1/a
B

L2/a
B

Non-perturbative HQET at the 1/m order

hypl hyp2
L1 ~0.41fm

12 10 8 6
6.78 6.64 6.45 6.22

Ly =214
24 20 16 12
6.78 6.64 645 6.22

Cont extr in a/L
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Observables for the b-quark mass

Define the observable ®; such that
GHOET _ f(6) B ()
1 m flstat(e) flstat(gl)

kin
R'l

and &, such that

OFWT(LY = L mpare + T3 4wy, TH]
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b-quark mass at the 1/m order

m At the NLO of HQET mp = ES%t  my . o + w, EX®

m Matching 1 ¢?CD(L1) = wiin RF™(L1)

Matching 2 d)?CD(Ll) =1, [rﬁtat(Ll) + Mpare + wkinl'll‘in(Llﬂ
m Use the ssf

_ 9P (L, M)

mp 1 + [EStat _ rStat(L2)} + Ustat
1
q’?CD(Ll) ki ki ki
21 AP kingpkin _ kin Ll
R]l_(ln(L2) 1 ( ( ))

m Solve (in the continuum) mg(M,) = mg™®.
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Interpolation and static result

L2mB(M): 2¢§CD(L1, M) + L2 [Estat o rstat(L2H + Ustat(ul)

We solve m§f** (M%) = m;™ = 5404 MeV by a linear interpolation

n | n 1 n 1
10 11 12 13

z=L le

M;REE = 6771 + 99 MeV
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my, including 1/m correciton

In the quenched approximation, find [Della Morte et al '05]

my(my) = 4.350(64) GeV —0.049(29) GeV + O(A3/m?)
static O(A2/my,) negligible

Particle Data Group : 4.1 — 4.4 GeV
Other lattice results :

4.41(5)(10) [Martinelli & Sachrajda [98]] NLO matching
430(5)(5) [Martinelli & Sachrajda 98], [Lubicz 01] NNLO matching
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Observable(s) for the decay constant

Correlators: current-to-boundary f4  and  boundary-to-boundary f;

T TC D

time

time

ol D o />
spacé spacé
Build an observables related to the decay constant :

¢§CD =In <_iA/%<O)> Lo (;FB\/@>

and in the effective theory (at the leading order):

__ fstat

¢gqet:|nzztat+|n< A >+0(1/m)
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Strategy for Fp, in the static approximation

The static heavy light decay constant

Dp(Loo) = [OEM (Loo) — PE(L2)] + [@5(L2) — 5 (L1)] + ®Z7°(L1)

Remarks

m In Z3" cancels out in the differences

m Terms in bracket have a continuum limit.
But Lo ~1.5fm and L1 ~ 0.4 fm
— Introduce a volume Ly, = 2/,

m Step scaling functions o = [®H(L) — OH(Ly)]
m Mass dependence from QCD
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Fg, including 1/m corrections

At the LO of HQET

stat stat
(Dhqet — In Zstzmt+ In _fA +Cstat )%A
B - A W A fAstat
1

= Need 2 observables
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Fg, including 1/m corrections

At the NLO of HQET

haet haet _ fgtat heet %Skat

qe _ 1qe 1qe

d)B = In ZA + In fstat +CA fstat
Vv A

stat o fstat stat
f3 21 3

fkin 1 fkin fspin
+ Wkin( A + L ) + WSpin( A

1 f-lspin
B 5 flstat

1/m

= Need 4 observables
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Observables for Fg at the 1/m order
Obs QCD stat 1/m
1 )
®1 = | 2(RU+3R)) —R™ | =R
3. (f foom
o, = 2 In (k_1> = WSPinW
b3 = Ra —Ritt | =l YT Rea + wiin RE™ + wepin R
haet _ fAstat haet f;SSXat
q)B =S InZA —|—|n W +CA fgtat
f]l;in 1 fikin fipin 1 flspin
+  Wkin <f§tat + § flstat + Wspin fgtat B E flstat

N. Garron (UAM-IFT Madrid) Non-perturbative HQET at the 1/m order 3/08/07 26 / 33



Strategy for Fg at the 1/m order (summary)

In a large volume, the decay constant is given by

Dp(Loe) = [PR(Log) — q>gqet(L2)} + [¢gqet(L2) - cb*,;qet(Ll)} +o%P (1)
where the matching equations are used to eliminate the HQET parameters

ORI(2Ly) — P (Ly) = ogar (1) + Y 07(un)PEP (L)
i=1

O(1/m)
One can also separate the 1/m correction

dp(L) = E(L) + (L)
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Example of results: ®5(L;)

0.55( |
0.54f 3 _!’
053 , ’ ¥
SR —a S S
= 0.52]
=) 1
! _$
o5, kK _---=""
B
0.5F |
0.49r 3 ) ) )
0 1 - 1.5 2 25
(@l1)? 8,0 107
[i/a] 12 10 8 6
v 6.78 6.64 6.45 6.22
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Example of results: ®5(L;)

0.65

| ) L 3
o T ¢

0.55r

(L)

0.5r

0.45F

0.4

' Y

0.05 0. 15
all 2=%% 8,=0 (6, éz):(o,os?

Ly/a | 24 20 16 12
B 6.78 6.64 645 6.22
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Example of results in the large volume

; . . .
o5y ] 1150 1
i
Lof ] 11f
|
Lot g 105t | I
~ ! ¥ T —1
18F — 1
92382321330 S
E 115 § }}{ 095},
v ¢ ~
i ¢ | o 09
Lest $ { , 0.85f |
I 3 ] 08
16 !
ol i 0.75} !
i
07— :
% B 10 15 20 2 30 3 0 (alL )21 Tp = (40 3% 24), w=2, % =0 .Q‘
X0la (action =1 wf=2 Tp=40) inf 20 E%) ) x 10

Loo =4L; ~15fm

L/a
p

32 24 16
645 63 6.0
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Example of results in the large volume

|
o
= o

” g;m&mmi;ﬁ{{l l

R o]
B §§§ H@Aﬁ

e
E al,, k2,289, 2%, <%, 632 (0 3%)

0 i B B
x0/a (action =1 wf=2 Tp=32)

1
o
N

[CRRRACY

Lo
o o o o
o o » w

(1)
@,
1
o
2

I
o
©

I
o
©

Loo =4L1 ~1.5fm

32 24 16
6.45 6.3 6.0

L/a
g
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Example of results in the large volume

A
|
065 -0ar |
b
-0.2f |
o 3 |
~, 03
" !
0ss o 04
i
E‘.; 0s 3 ,LE—O.S* '
= -08f |
0.45 3 vQ" | !
3 -0.71 !
04 3 i
Yasssssnnsanstt { N
i
#24¢ o9 !
-1
. . . . , , , ¢ 0.0 093 004 005
’ ° X0l 15(acnonzu:1 wi=z Tp:32)SB ® al?_m' Tp= 832 28%) ©= ge = ?9 8,)=(0, % )

Loo =4L1 ~15fm

24 16
645 63 6.0

L/a
g
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Quenched preliminary results in MeV

Statistical errors only
Cont extr very preliminary
Interpolation at the b-quark mass should be done

L[ Fg | FErt + Fp) |
o =0 | 01=05] 0=1

=05 | =1 0, =0
0 || 228£5 || 200£12 | 201 +12 | 204 £ 12

0.5 224£5 | 200£12 | 202+ 12 | 205+ 12
1 || 212£5 | 201 +£12 | 202 £12 | 206 + 12

Table: Results in MeV of Fg,, for the mass z = 12.1

m The 1/m correction can give a ~ 5 — 15% contribution

m Adding the 1/m correction makes the agreement much better
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Improvement: all to all propagators

0.8
07t H

0.6e ——————-——8-—-—-29

u}% 0.5 —
©
0.4. -——r-—-r——s—-——2——4—— - — —g— — —a|
o 1P i
03 = 1S N
2S -
| | | L |
0.2
3 6 9 12
X la

0
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Conclusion and outlook

Computation of my, and Fp_ Folllowing [Heitger & Sommer '03]
Full non-perturbative calculation
Exact cancelation of the power divergences
Result includes NLO of HQET
Find in the quenched approxmation
my(my,) = 4.350(64) GeV —0.049(29) GeV
—— N——
static O(A2/my,)

and (preliminary)

FEat = 228 + 5 £77 MeV + O(1/m)

FEot 4+ FQ) = 200 + 12 72 MeV + O(1/m?)

Still working on improvements (extraction of the matrix elements in
the large volume)

Promising for a precise determination of Fg and Fp_, using dynamical
fermions (in progress).
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